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An extremal property of Chebyshev polynomials
N. N. OSIPOVF and N. S. SAZHIN

Abstract — It is proved that iff (x) is a polynomial of the degree not exceedmgith real coeffi-
cients, which satisfies the conditipf(x)| < 1 for all x € [—1,1], then the sum of the absolute values
of its coefficients attains its maximal valuefdx) = T,(x) = cos(narcco).

1. Introduction and preliminary information

Let [a,B] (a < B) be some fixed segment of the real axis, dfd) = a,x" +

an_1X""1+... 4 a9 be a polynomial of the degree not exceedmgith real co-
efficients,n > 1. The value

M(f) = max |f(X)|

xe[a,p]
is called the deviation of the polynomi&(x) from zero on the segmeft, 3].

In [5] V. A. Markov stated and studied the following generablgiem: for a
given linear forml(f) of the coefficients of a polynomial (x) of the degree not
greater tham, one has to find the maximum

max |I(f
e 1)

and the corresponding extremal polynomi&{g). A particular case of this problem
is of special interest, this is the case when

1(f) = 10(&)
where an integer numbér 0 < k < n, and a real numbef are fixed. Since
f(k)(o)
&=

this particular case includes the problem of determinatibthe maximal absolute
value of thekth coefficient of the polynomiaf (x) under the restrictioM(f) < 1.
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20 N. N. Osipov and N. S. Sazhin

Fork = 0 andk = nthe particular case of the problem of V. A. Markov indicated
above was previously considered by P. L. Chebyshev [3], ankl£ 1 is was con-
sidered by A. A. Markov [4]. V. A. Markov [5] presented a sadut for an arbitrary
k. In particular, he had proved the following theorem.

Theorem 1.1. If the deviation from zero on a segméunt 3] for a polynomial
f(x) of the degree not greater than n does not excketlen the deviation of its kth

derivative f¥(x) from zero on the same segment does not exceed

[dan((ZX— a—B)/(B-a))

dxk

x=p
and attains this limit only for

ZX_O’_B>. (1.1)

f(x) =+£Th <BT

Here and furtheil,(x) is the Chebyshev polynomial of the first kind,
Th(X) = cos(narcco).

A simplified proof of this difficult theorem was given later I8y N. Bernstein [2].
Note that in the casé ¢ (a,3) the solution to the problem of determination of the
maximum
max |f®(&)]
M(f)<1

is quite elementary, and the same polynomials (1.1) turriabe extremal in this
problem (see, e.g., [1]); below we present one of possildmehtary proofs (see
Theorem 2.1).

For the segmenior, 8] = [—1,1], V. A. Markov also proved the following theo-
rem.

Theorem 1.2. Among all polynomials () of the degree not greater than n,
whose deviation from zero on the segmierit, 1] does not exceetl, the following
and only those polynomials (except for the case & when any polynomial (k)
with f(0) = £1is extremal) have the maximal absolute value of the kth caesffi

) ETa(X), k=n (mod 2
T0 = {iTn_l(x), k£n (mod 2.

The inequalities following from this theorem for the coa#fitts of a polynomial
f(x) of the degree not greater tharwith the deviation from zero on the segment
[—1,1] not greater than 1 are called inequalities of V. A. Markove3@éinequalities
can be also justified by elementary methods (see, e.g., [1]).
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For a polynomialf (x) = anx" +an_1x""1 + - - 4+ ap, we will define

L(f)=k;)!ak\-

In this paper we study the problem of determination of theimam

and extremal polynomial§(x) attaining this maximum.

If 0 & (a,B), then one may easily show that the maximal valud @df) is at-
tained at polynomials (1.1) only (see Corollary 2.1 from dieen 2.1). If Oc (a, 3),
then, generally speaking, polynomials (1.1) are not exatem

Example1.1. Let[a,B] = [—V,y], wherey > 1, andn= 2. Then

y+2

72 (1.2)

L(f) =

for the polynomialf (x) = T>(x/y) = 2x%/y?> — 1. At the same time, as is not difficult
to verify,

Y +2y+3
max L(f) = 5———
M(f)<1 (f) v2+2y—1

which is greater than (1.2). For example, the polynomial

C(VPH+2y—-127 (Y +2y—12" (Y2 +2y—1)?

is extremal here. Note that this polynomial coincides Wittx) for y = 1.

The main result of the paper consists in the proof of the exdteroperty of
Chebyshev polynomial$,(x) in the problem of the maximal value &f f) for the
segmenfa, 8] = [—1,1] (see Theorem 2.2). The proof presented here is elementary
and contains a proof of the classic inequalities of V. A. Ma&rknentioned above.

2. Extremal property of Chebyshev polynomials

As was indicated above, the problem of determination of thgimal absolute value
of the kth derivative of a polynomiaf(x) at the pointx = & under the restriction
M(f) <1 may easily be solved § ¢ (a, 3). For convenience of the reader, below
we present one of such elementary solutions.
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92 N. N. Osipov and N. S. Sazhin

Theorem 2.1. Forreal § ¢ (a,) and integer kO < k < n, the maximum

£
Jmax | {49(¢)|

is attained at polynomialél.1) and only at those polynomials (except for the case
when k= 0 and ¢ coincide with one of the ends of the segnieng3]).

Proof. Assumingé =0 and 0< a < f3, reformulate the problem in the follow-
ing form: one has to determine the maximal absolute valubeXth coefficient of
a polynomial f (x) if M(f) < 1 and also to determine the corresponding extremal
polynomials.

Forj=0,1,...,nassume

(B—a)cos(mj/n)+a+B
5 ;

Xj = yj = f(x))-

Herex = cos(mj/n), j =0, 1,...,n, are the points of the maximal deviation from
zero for the polynomial,(x). Sincex; € [a, B], thenly;| < 1forall j=0,1,...,n.
Using the Lagrange interpolation formula, one has

0 (X=Xo) - (X—Xj—1)(X—Xj41) -+ (X=X
f@Z%&_ ) Xy ) (X)X )

o (X =%0) - (X = Xj—1) (X] = Xj11) -+ (X] = Xn)
Let X be the se(xg,...,X,) andX; be the seX without the elemenk;. Let also
os(Y) be thesth elementary symmetric polynomial of the elements of a¥s@te
assumegy(Y) = 1 andog(Y) = 0 for sexceeding the number of elements in the set
Y). Then

n
— On—k(X])
a=(-1)"Ky ==y

& @

wherew; = (Xj —Xo) -~ (Xj — Xj—1) (Xj — Xj+1) - - - (Xj — %n). Thus, we have

n n
On—k(Xj)
&= —— =Y <Z‘ij’
= Uk =
where the notation
On—_k(Xi
Vij = n k(. i)
Wi

is used.
Now let us show that the obtained upper bound|&} is attained only on poly-
nomials (1.1). Since
B=X>X>>X=0a>=0
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An extremal property 93
then sigron_«(Xj) = 1 and signwj = (—1)/. Therefore,
signwj = (1)), 0<kj<n

In particular, the equality
n

=Y |wil
2,

yJ:i(_l)Jv j:O,l,...,n

is valid if and only if

where the same sign is chosen for fllit remains to demonstrate that the poly-
nomials f (x) obtained for such values gf satisfy the conditioM(f) < 1. Those
obviously are polynomials (1.1), because the indicatedlitiom is valid for them.

Theorem 2.1 evidently implies the following corollary.

Corollary 2.1. If 0 ¢ (a, ), then the maximum

is attained at polynomials (1.1) and only at them.

The assertion of the corollary is also valid for the segnjiedt 1] being ‘native’
for the Chebyshev polynomialg,(x).

Theorem 2.2. If [a,B] = [-1,1], then the maximum

is attained at polynomials (k) = +Ty(x) and for n> 1 only at them.

Proof. Use the notations introduced above in the proof of Theoremad
assumex = —1 andf = 1.
First of all note thatv; = w'(x;), where

n

w(x) = [1(x—=x;).
1l
Since in the considered case we haye; = —x; for all j, then

whoj = (=)@, G k(Xa-j) = (=) Onk(X)).
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Therefore,

V2 g, (X,
ak:(_l)nk%%l)(yj—i_( )kyn*j)v k:O, l)"'vn'
=

Further assume thatis odd,n=2m+ 1. Then for any =0, 1,...,mwe have

2 oom-2(Xj)
a1 = Yy ———(Yj —Yom-j+1)
%

2
2 oom-2+1(Xj)
a = — Y 0y Yome 1)
JZO ) j T Yom-
Show that
|o2m-2141(Xj)| < |O2m-21 (X)) |- (21)
In fact,

0= Oom-21+1(X) = Fom-21+1(Xj) +XjO2m—2 (X})
which implies
|T2m—2141(X)| = [Xj||O2m-21 (Xj)| < [T2m-21 (Xj)]
becausex;| < 1. Now, since
Aly —Y'|+Bly +Y'| < 2max{A B}
for |y'| < 1andy’| <1, we have

|Tom-21 (X))

2.2
) (2.2)

lagi 1|+ |azr| < ZZ)

Note that
Oom-21(Xj) = Oom—2 (Xj2m—j+1) +Xom—j+102m—21—1(Xj 2m—j+1)
= Om-2 (Xjom-j+1) = (D)™ On 106, - 7X]'2717X12+17 LX)
whereX; om—j+1 is the seX without the elements; andxom—j+1. Thus,
signoam 21 (X;) = (-1)™ .

Therefore, the sum

|az+1] + |az|
does not exceed the absolute value of the coefficiext &t of the Chebyshev poly-
nomial Tomy1(X), which is obtained for

yj=(-1)), j=01,...2m+1
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Indeed, this coefficient is equal to

2,0
Be summing inequalities (2.2) for dll=0, 1,...,m, we get the desired asser-
tion on the extremality of the polynomialsTom,1(X). There are no other extremal

polynomials form > 0, because inequality (2.1) is strict fpr> 0.
The proof for the case of an evan= 2m may be performed similarly.

UZm— 2(Xj) i)

lj: _1ym™ |2 il ‘UZm—Zl(XJ')’]'
) =(-1) [ ;Ji

||

Remark 2.1. Letp> 1. Since
|alP +[b|P < (|a] + [b])P

and nonzero coefficients of the polynomia(x) alternate with zero ones, the asser-
tion of Theorem 2.2 remains valid under the replacemenf 6§ by

n
= lal”.
k=0

The authors express their gratitude to Prof. V. |. Lebedews$eful discussions
of some classical topics of the constructive theory of fiomst.
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